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UNIT 2
TIME RESPONSE ANALYSIS

Time Response:

If the output of control system for an input varies with respect to time, then it
is called the time response of the control system. The time response consists
of two parts.

o Transient response
« Steady state response
The response of control system in time domain is shown in the following

figure.
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Here, both the transient and the steady states are indicated in the figure. The
responses corresponding to these states are known as transient and steady
state responses.

Mathematically, we can write the time response c(t) as
c(t)=ctr(t)+css(t)c(t)
Where,
o cu(t) is the transient response

o Css(t) is the steady state response



Response of the First Order System

Time response of the first order system. Consider the following block
diagram of the closed loop control system. Here, an open loop transfer
function, 1sT1sT is connected with a unity negative feedback.

R(S) +4- 1 C(S)
— —

We know that the transfer function of the closed loop control system has
unity negative feedback as,

C(s)/R(s)=G(s)/1+G(s)

Substitute, G(s)=1sT in the above equation.
C(s)/R(s)=1sT1+1sT=1sT+1

The power of s is one in the denominator term. Hence, the above transfer
function is of the first order and the system is said to be the first order
system.We can re-write the above equation as

C(s)=(1sT+1)R(s)
Where,

o C(s) is the Laplace transform of the output signal c(t),
« R(s) is the Laplace transform of the input signal r(t), and

e Tisthe time constant.

Follow these steps to get the response (output) of the first order system in
the time domain.



Take the Laplace transform of the input signal r(t)r(t).
Consider the equation, C(s)=(1sT+1)R(s)C(s)=(1sT+1)R(s)
Substitute R(s)R(s) value in the above equation.

Do partial fractions of C(s)C(s) if required.

Apply inverse Laplace transform to C(s)C(s).

Step Response of First Order System

Consider the unit step signal as an input to first order system.
So, r(t) = u(t)

Apply Laplace transform on both the sides.
1
R(s) = —
()= 1
Consider the equation, C(8) = (Tl—l) R(s)
Substitute, R(8) = —i in the above equation,

Cls) = (3T1+1) (%) ) ""{Tl“}

Do partial fractions of C(s).

1 A B
C = —_— = —
() s(sT+1) 8 + sT +1
N 1 _ A(sT'+1)+ Bs
s(sT+1)  s(sT+1)

On both the sides, the denominator term is the same. So, they will get
cancelled by each other. Hence, equate the numerator terms.

1=A(sT+1)+ Bs
By equating the constant terms on both the sides, you will get A = 1.

Substitute, A = 1 and equate the coefficient of the s terms on both the sides.




Substitute, A = 1 and equate the coefficient of the s terms on both the sides.
0=T+B=B=-T

Substitute, A = 1 and B = —T in partial fraction expansion of C(s).
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Apply inverse Laplace transform on both the sides.
(L
c(t) = (1 —e (f)) u(t)

The unit step response, c(t) has both the transient and the steady state
terms.

The transient term in the unit step response is -

cir(t) = —e_(?)u[t)
The steady state term in the unit step response is -
Ces (1) = u(t)

The following figure shows the unit step response.
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o The value of the unit step response, c(t) is zero at t = 0 and for all
negative values of t. It is gradually increasing from zero value and
finally reaches to one in steady state. So, the steady state value depends
on the magnitude of the input.

Response of Second Order System

Consider the following block diagram of closed loop control system. Here, an
1

ly
open loop transfer function, 5(s+2dun) is connected with a unity negative
feedback.
R(s) + > C(s)
P >

s(s + 26w,,)

We know that the transfer function of the closed loop control system having
unity negative feedback as

C(s)  G(s)
R(s) 1+ G(s)

G{S} - s(s+ ET'J[...?,;}

Substitute, in the above equation.

C(s) (s[s 20an) ) B W

R(s) 1. ((»d_ﬁj) 82+ 2w, s+ Wl




The power of ‘s’ is two in the denominator term. Hence, the above transfer
function is of the second order and the system is said to be the second order
system.

The characteristic equation is -

§% 4+ 28w, 8 +wl =0

The roots of characteristic equation are -

—2wd, + 1“,';.{2&""”}2 - 4wf2‘ _2{5“-’?: T w,vé? — )

S = 2 — 2

= §= —Jw”:I:wfﬂfﬁE —1

o The two roots are imaginary when 6 = 0.

o The two roots are real and equal when & = 1.

o The two roots are real but not equal when 6 > 1.

o The two roots are complex conjugate when 0 < § < 1.
We can write C(s)C(S) equation as,

o) ( < ) R

s2 + 26w, 8 + w?

Where,
o C(s) is the Laplace transform of the output signal, c(t)
« R(s) is the Laplace transform of the input signal, r(t)
e Wy is the natural frequency

o & isthe damping ratio.



Follow these steps to get the response (output) of the second order system in
the time domain.

Take Laplace transform of the input signal, r(t)
Consider the equation,

0te) = (sraieerz) RO

ey

Substitute R(S)R(s) value in the above equation.
Do partial fractions of C(s)C(s) if required.
Apply inverse Laplace transform to C(s)C(5s).

Step Response of Second Order System

Consider the unit step signal as an input to the second order system.

Laplace transform of the unit step signal is,

R(s)=1sR(s)=1s
We know the transfer function of the second order closed loop control
system is,

C(s) w?

R(s) 82 4 28w, 8 + wa

Case 1: 6 =0

Substitute, 4 = 0 in the transfer function.
C(s)  wy
R(s)  §2+w?

icm:(_ﬁﬁ)m@

82 + wy

Substitute, R(s) = % in the above equation.

C(s) = (w—%) (l) o wn
s2 + wj 8 s(s? + w3)

Apply inverse Laplace transform on both the sides.



e(t) = (1 — cos(w,t)) u(t)

So, the unit step response of the second order system when /delta = 0 will
be a continuous time signal with constant amplitude and frequency.

Case2: 0 =1
Substitute, /delta = 1 in the transfer function.

C(s) _ wa
R(s) 82+ 2wps+wh

) R(s)

wa

S

Substitute, R(s) = —i in the above equation.

- (25) () - i

Do partial fractions of C(s).

w? A B C
C8)=———=—+ -
s(s+wp)? 8 stwp (S+wy)?

After simplifying, you will get the values of A, B and C as 1, —1 and — w,,
respectively. Substitute these values in the above partial fraction expansion of

C(s).

1 1 Wy
C(s) = — — —
(5) 5 S+tw, (s+wy,)?

Apply inverse Laplace transform on both the sides.

c(t) = (1 — e " —w,te “"u(t)

So, the unit step response of the second order system will try to reach the
step input in steady state.



So, the unit step response of the second order system is having damped
oscillations (decreasing amplitude) when ‘¢’ lies between zero and one.

Case 3:0<d <1

We can modify the denominator term of the transfer function as follows —
8% + 20w, s + wi = {87 +2(8) (dwy) + (dw,)*} + wi — (dw,)?
= (84 dw,)* + wi(1 — §7)
The transfer function becomes,

C(s) %
R(s) (84 0wn)? +wl (1 — 62)

= a0 = < ) s

(8 + 0w,)? + wi(1 — 82)

Substitute, R(s) = —i in the above equation.

0~ (eraprarm) ) ey
TN 0w 2+ w2 (1-82) ) \s) T s ((s+6wy)? +wi(1 — 82))
Do partial fractions of C(s).

z A Bs+C
C{S}: w _ A4 &+

s ((8+0wn)? +wi(1—62)) 8 T o) R (1)

After simplifying, you will get the values of A, B and C as 1, —1 and — 24w,

respectively. Substitute these values in the above partial fraction expansion of
C(s).



1 8 + 26w,

C(s)=—— > T
§ (84 dwy)? + wi(l—42)
C[s}—l— 8 + 0w, B dw,,
8 (84 0wn)? +wi(1—82) (84 bwy)? + wi(1 — 82)
C(S) 1 _ (5+dwn) 4 wny/1-4
$ (stdun) Hwmv1-8°) V180 \ (s+dwn ) +H{wn V10" )2

Substitute, w,v'1 — 82 as wy in the above equation.

r::(s}:l_ (s + dwy,) 5 ( Wy )

§  (5+0wn)?+wd  VI—02 \ (5+0wn)? +w?

Apply inverse Laplace transform on both the sides.

c(t) = (1 — e %ent cos(wgt) — ﬁe_‘m‘* sm{wdt)) u(t)
o(t) = (1 . % ((m) cos(wqt) + 3sm{wdt))) u(t)

If v1— 42 =sin(f), then 8" will be cos(8). Substitute these values in the
above equation.

—&dﬂ_t
v1— 42

e(t) = (1 — (sin(#) cos(wgt) + cos(6) sm(wdt)}) u(t)

So, the unit step response of the second order system is having damped
oscillations (decreasing amplitude) when ‘8§’ lies between zero and one.

Time Domain Specifications

The time domain specifications of the second order system. The step
response of the second order system for the underdamped case is shown in
the following figure.
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All the time domain specifications are represented in this figure. The

response up to the settling time is known as transient response and the
response after the settling time is known as steady state response.

Delay Time

It is the time required for the response to reach half of its final value from
the zero instant. It is denoted by tdtd.

Consider the step response of the second order system for t = 0, when ‘¢’ lies
between zero and one.

e Swnt o
t)=1-— i t +
(%) (vfl—ﬁﬁ)sm{wci )

The final value of the step response is one.

Therefore, at £t = t4, the wvalue of the step response will be 0.5. Substitute,
these wvalues in the above equation.

—e.'hw,; td

c(tg) =05=1— ( 152 ) sin(watd + &)

1 — 462
—é[.n.i‘ntd'
= ( ) sin(wgtgy + ) = 0.5

By using linear approximation, you will get the delay time tg as

1+ 0.76

w‘i’t

td =



Rise Time

It is the time required for the response to rise from 0% to 100% of its final
value. This is applicable for the under-damped systems. For the over-
damped systems, consider the duration from 10% to 90% of the final value.
Rise time is denoted by t..

Att=t1=0,c(t) = 0.
We know that the final value of the step response is one.

Therefore, at t=t2, the value of step response is one. Substitute, these values

in the following equation.
dumt

c(t) =1 — (h) sin(wat + 6)

e Ot ta ]
c(ty) =1=1-— (ﬁ) sin(wgts + 0)
o twnts _
= (ﬁ) sin(wgts +6) =0

= sin(wgts +6) =0
= wyte +0=m
T—0

Wd

= 1o =

Substitute t; and t; values in the following equation of rise time,

t, =ta — 14

Wd

From above equation, we can conclude that the rise time {,. and the damped
frequency wy are inversely proportional to each other.

3. Peak time tp: 1t is the time required for the response to reach the
maximum or Peak value of the response.
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4. Peak overshoot M : 1t is defined as the difference between the peak
value of the response and the steady state value. It is usually expressed in
percent of the steady state value. If the time for the peak is tp’ percent peak
overshoot is given by,

— b

M, = 100 '™y,

5.8ettling time ts : It is the time required for the response to reach and
remain within a specified tolerance limits (usually + 2% or * 5%) around the
steady state value.

E-ﬁ mnt

t, = 2

T V1-8

6. Steady state error ess : It is the error between the desired output and
the actual output as t ~ 00 or under steady state conditions. The desired
output is given by the reference input r (t) and c(t).

_ L
Egg t —3 o0 [r{t) - ﬂ(t}]



P, PI and PID Controllers

o The controller (an analogue/digital circuit, and software), is trying
to keep the controlled variable such as temperature, liquid level,
motor velocity, robot joint angle, at a certain value called the set
point (SP).

« A feedback control system does this by looking at the error
(E) signal, which is the difference between where the controlled
variable (called the process variable (PV)) is, and where it should
be.

o Based upon the error signal, the controller decides the magnitude

and the direction of the signal to the actuator.

The proportional (P), the integral (I), and the derivative (D), are all basic

controllers.

Types of controllers: P, I, D, PI, PD, and PID controllers
« Proportional Control

With proportional control, the actuator applies a corrective force that is

proportional to the amount of error:

Outputy, = Ky x E
Outputy, = system output due to proportional control
K, = proportional constant for the system called gain

E = error, the difference between where the controlled variable should be
and where it is. E = SP - PV.



